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ALMOST SURE LOCAL WELLPOSEDNESS OF 
ENERGY CRITICAL FRACTIONAL SCHRODINGER EQUATIONS 
WITH HARTREE NONLINEARITY 

GYEONGHA HWANG 

Abstract. We consider a Cauchy problem of energy-critical fractional Schrodinger equation 
with Hartree nonlinearity below the energy space. Using a method of randomization of functions 
on R'^ associated with the Wiener decomposition, introduced by A. Benyi, T. Oh, and O. 
Pocovnicu laii], we prove that the Cauchy problem is almost surely locally well-posed. Our 
result includes Hartree Schrodinger equation (a = 2). 


1. Introduction 

In this paper we consider the following Cauchy problem of the fractional nonlinear Schrodinger 
equations: 

f idtu = \V\°'u +F{u) in 
tx(a;,0) = (/)(x) G in W^, 

where |V| = (—A) 2 , d > 3, 1 < a < 2, and F{u) is the nonlinear term of Hartree type given by 

F{u) = /i(| • 1“^" * /i G M \ {0}. 

Fractional Schrodinger equation appears in fractional quantum mechanics (see laa 1331 [M]), 
where Laskin generalized the Brownian-like quantum mechanical path, in the Feynman path 
integral approach to quantum mechanics, to the a-stable Levy-like quantum mechanical path. 
The solution u of o formally satisfies the mass and energy conservation laws: 

m{u) = \\u{t)\\l 2 , 

( 1 . 2 ) 

E{u) =K{u) + P{u), 

where 

K{u) = IVI"^), P{u) = * \u\‘^)u). 

Here ( ,) is the complex inner product in L^. Hence is referred to energy space. 

The equation (jl.ip has a scaling invariance. In fact, if u is a solution of (II.ip . then for any 
A > 0 the scaled function u\ given by 

ux{t, x) = A“^’''2u(A" t. Ax) 

is also a solution. Since id' 2 -norm is preserved under the scaling u >->■ ux, ([HD is said to be 

energy-critical if s = ^. It is also said to be super(sub)-critical if s < ^ (s > ^, respectively). 
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By Duhamel’s formula, (jl.ip is written as an integral equation 

(1.3) u = U{t)4> — ifi f U{t — * \u{t')\‘^)u{t')) dt' . 

Jo 

Here we define the linear propagator U{t)f to be the solution to the linear problem idtz = |V|“ 2 ; 
with initial datum /. Then it is formally given by 

(1.4) U{t)f = = (27r)-'^ [ 

Jmd- 

where / = Tf denotes the Fourier transform of / such that /(^) = e““'^/(x) dx and we 

denote its inverse Fourier transform by T~^g{x) = (27r)~'^ d^. 

For the linear propagator U{t), Strichartz estimate is known to hold 

Lemma 1.1 (Theorem 2 in [21]). Let d> 2 and 2/q + d/r = d/2, 2 < q,r < oo. 

iiivr^i7(t)/iii.i.< 11/11^2. 

The implicit constant does not depend on T > 0. 

Here and after L^X denotes mixed normed space L'^{[—T, T]; X(M'^)) for a Banach space X on 
and LfXL'^{M.] X). Due to the weak dispersion of U{t) the estimate accompanies a derivative 
loss of order 2-Q!. But if one imposes radial assumptions or angularly regular condition on /, 
then a derivative loss can be recovered and even a regularity gain can be obtained (see mm)- 
Using Lemma 11.11 the local well-posedness of (HTD can be shown in the subcritical case 
{s > ^). Actually a little revision of Proposition 4.1 in m gives 

Proposition 1.2. Let s > ^. If 4> £ then there exists a positive time T such that dni) has 
a unique solution u G C{[—T, T]; H^) n LT{^ 2 dj{d- 2 )‘^) ■ 

On the other hand, when s = ^, by using radial Strichartz estimate, the local and small data 
global well-posedness to (jl.lj) are proven under the radial assumption of (p as follows. 

Proposition 1.3 (Theorem 5.2 in [IB|). Let ^ ot < 2 and (p G Hfad- ^den there exists a 
positive time T such that (|l.ip has a unique solution u G C{[—T,T]-,H^) n L^Hp, r = . 

//||(/)||^a is sufficiently small, then o is globally well-posed. 

Recently the author and collaborators of [20] obtained global well-posedness for < a < 2 
without smallness when /i > 0 and with < ||VFo||^f when // < 0, where Wa is a steady 

state solution of o. Also See [25] for power type. In [29] a power type case was treated in some 
critical regularity without radial assumption. When a = 2, the equation is much easier to handle, 
so there exist numerous well-posed and ill-posedness results (see da Eauzi Ha suiMi [Ml EZ] ). 

In this paper we focus on supercritical case (s < ^). Many dispersive equations are known to 
be ill-posed in supercritical regime (see dllHlEllIllllS]). For fractional Schrodinger equation, we 
also observe some negative results. One can readily show the following with a slight modification 
of illposedness in [151 EH] • So we omit the proof. 
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Proposition 1.4. If s < a{\ — and the flow map (f u exists in a small neighborhood of 
the origin as a map from to C{[—T,T];H^), then it fails to be at the origin. 

Nonetheless, using probabilistic arguments, Bourgain [ 6 ], Burq-Tzvetkov mm, Colliander- 
Oh [23] and Benyi-Oh-Pocovinicu Oil] established positive results on subsets of for the 
supercritical case (see also naiMiiiniiziiMiiiaES]). Especially, in Oi], the authors introduced 
a randomization for functions in the usual Sobolev space on 

Many of these works are on the dispersive equation with power type nonlinearity. So we 
concern the Cauchy problem with random initial data of the equation with Hartree nonlinearity. 
Because of nonlocal nonlinearity, the problem is more complicated. More precisely, we cannot 
apply Holder inequality and bilinear Strichartz estimates fLemma 13.61 and Lemma 13.711 directly. 
In order to overcome the difficulty, we decompose functions with respect to frequency as in |36j . 
Now we state our main theorem. 

Theorem 1.5. Let max(|^5g ' f > ^ < f and <f € 77®. Consider randomization defined 

in (j2.2p with a probability space {Ll,iF,P) satisfying the condition (12.111 . Then (jl.lll is almost 
surely locally wellposed in the sense that there exists C, c, 7 and a = such that for each 
T <C 1, there exists a set LIt C Ll with the following properties: 

(1) p{n\nT) < Cexp (- 

( 2 ) For each oj € Ht, there exists a unique solution u € CdO, Tj; 77®) to (II. ip with intial 
data (jP. 

(3) Duhamel part of the solution is smoother than initial data, i.e 

u-U{t)(lP e C([0,T];77'"). 

The rest of the paper is organized as follows: In Section 2, we briefly review randomization 
adapted to the Wiener decomposition in Oil]- And in section 3, we introduce Bourgain space 
X®’^ and show bilinear Strichartz esimtates. Lastly in section 4, we shall prove Theorem ll.il 

2. Randomization 

We briefly review randomization adapted to the Wiener decomposition in Oil]- Let if ^ S 
be a function satisfying 

supp if C [—1, 1]'^ and E if{^-n) = 1. 

And we define pseudo-differential operator if{D — n) as a Fourier multiplier 

if{D — n)u{x) = (27r)“'^ f e^^'^if(fl — n)u{ff)df,. 

Then given a function / G we have 

/ = ^ iA(77 - n)f. 
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Let {gn^nezd- be a sequence of independent mean zero complex-valued random variables on 
a probability space (O, P), where the real and imaginary parts of Qn are independent and 

endowed with probability distribution and We assume there exists c > 0 such that 


( 2 . 1 ) 



< 


for all 7 € M, n € j = 1, 2. Thereafter we define Wiener randomization of / by 


( 2 . 2 ) 


:= 9 n{uj)'ip{D - n)f. 


We recall several well-known useful probabilistic estimates. 

Lemma 2.1 (Lemma 3.1 in [ID]). For given {c„} € £^(Z'^) and p > 2, there exists C > 0 such 
that 

II gn{^)Cn\\LP{Q) — ^V^llllz^• 

Lemma 2.2 (Lemma 2.2 in |3]). Given f £ we have for any A > 0, 

Lemma 2.3 (Lemma 2.3 in [3]). Given f £ L^(M'^) and finite p>2, there exists C, c > 0 such 
that for any A > 0, 

^(liniL.(M<^)>A) 

In particular, f‘^ is in L^(]R‘^) almost surely. 


Exactly same arguments for Schrodinger equation in Oil] give probablistic Strichartz esti¬ 
mates for fractional Schrodinger equation. Actually the only property of linear propagator used 
in those papers is that L^-norm of linear propagator is conserved in time (see Proposition 1.3 
in |3|). 

Proposition 2.4. Given f £ let f^ be its randomization. Then, given 2 < q,r < oo, 

for all T > 0 and A > 0 there exists C,c > 0 such that 

(2-3) P{\\U{t)f‘^\\L^Lr^,T]xRfi > A) < Cexp (-c ). 

V Ti||/||2/ 

3. Bourgain Space 

We introduce Bourgain space defined as follows; for s, 6 £ M 

= jyj £ 5' : ||y?||x^.*' := ll(0*('^ “ dlL2(RxR<i) < oo}) 

where (a) = 1 + |a| and (p denotes the time-space Fourier transform. In what follows we mention 
a few of well-known properties of space. 
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Lemma 3.1. Let T G (0,1) and b G 


'1 31 

.2’ 2J 


. Then for s G M and 0 G [O, | — 6) the following hold 




\\riT{t)U{t)f\\xs,b(^xT^d) < Tz ||_y 
\\r]T{t) f U{t — t')r]T{t')F{t')dt'\\xs,b(^^y^T^d) < ^®||-^||x'>.<>-l+»(RxKrf)• 

Lemma 3.2. Let {q,r) satisfy 1 + 7 = 1, and {d,q,r) / (2,2,oo). Then for b > ^ we have 

lkllL?LS(MxR+ < 

The above lemma follows from Strichartz estimates (Lemma 11.11) . By interpolation with 
trivial estimate ||ri||j ;^2 < ||m||j,(' 0 ,o, we have the following lemma. 

Lemma 3.3. Let q > 2. Then for b > ^ we have 

111*11 r'S'rz + ll'ull n hl^ 2^ 

II IILtL^ ~ II 11^0,b(l 

Because of scaling symmetry, Strichartz estimate is optimal. But if one considers interaction 
of two different frequency localized data, it is possible to obtain bilinear Strichartz estimate. 

Lemma 3.4 (Lemma 2.2 in [H]). Let d > 2. Suppose that supp f C ^(A^i) and supp g C A{N 2 ) 
with Ni < N 2 . Then we have 

Aft d+a — 2 rf—1 1 —Q 

||C/(t)/t/(t)5|L2^ < (^) ^ {NlN2)—\\f\\Ll\\9\\Ll = iVi = iV2 ^ ll/llLill5llL2. 

Moreover, we prove bilinear estimates for data whose Fourier support in a small ball. 

Lemma 3.5. Let d>2. Suppose that supp f C B(^o,/0i), with pi, |^o| 1 and supp g C +(1). 

Then we have 


\\U{t)fU{t)g\\L2^^ < 


d -l 

2 


liWQWlI- 


Proof. By decomposing the Fourier support of g into finite number of sets, rotation and mild 
dilation, it suffices to prove the estimates when supp g C B{ei,d) for some 0 < (i <C 1. By 
definition of U{t), we have 

U{t)f{x)U{t)g{x) = (27r)-2'^y‘ 

For each C = (C 2 , • • • define a bilinear operator 




{f,g) = [ 

jR^+d- 


We make the change of variable C = (Ci, C 2 , • • • , Crf+i) = (? + *?! 1^1“ + Ivl^) with the observation 
I I = ~ ~ 1- Then applying Plancherel’s theorem and reversing the 

change variables (C —>■ (Ci,??)), we get 


\B^{f,g)\\LjLl ^ 11/(6,05(i?)IIl2 


?1 ,v 
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Hence by Mikowski’s inequality, we have 

\\U{t)fU{t)g\\L^^Ll = II / < j 11/(6,0?(h) II ll/llLillffllL- 

The last inequality follows from the fact that Fourier support of / is in Pi)- HI 

From Lemma [3.4l Lemma [3. 5 1 and dehnition of space, one can prove the following lemma. 

Lemma 3.6. Let d>2. Consider G for h> Then we have 

(1) If supp u C ^(A^i) and supp v C A{N 2 ) with Ni < N 2 , then 

d—1 1 —Q 

^ 2 " Ikllxo.f'll^'llxo.f’- 

(2) If supp u C N) and supp v C A{N 2 ) with N, |^o| ^ -^ 2 ; then 

d-l 

" ^2 IfIIxo.mtIIxo.<>- 

Furthermore interpolation with trivial inequality ||uu||j ;^2 < ||u||l^^ ||u||j ;^2 < ||u||^d^ ||u||xo,o 

yields the following useful lemma. 


Lemma 3.7. Let d >2. Then, for given small e > 0, we have 

(1) If supp u C ^(A^i) and supp v C A{N 2 ) with Ni < N 2 , then 


'^-^+2£ 




m nl-i-^T nl 


(2) If supp u C B{f^Q,N) and supp v C A{N 2 ) with |^o| ~ -^1 O'^-d A^, A^i <C N 2 , then 


+ 2£ I 


\UV 


I 2 < iVo " Ikll ol+elbll ol e 


where ei = and £2 = £2 — £1 = 2e. 

4. Almost sure local wellposedness 

We will prove Theorem 11.51 Given cj) G let (f^ be its randomization. We concern 

(jl.ip with Let z{t) := U{t)(fB and v{t) := u{t) — U{t)4B . Then (jl.ip becomes 

J idtv = |V|“u + F{v + z), in M X M'^, 
y u(0, x) = 0. 

By Duhamel’s principle, (14.111 is written as integral equation 


(4.1) 


v{t) = f U{t — t')F{v + z){t')dt'. 

Jo 


Let g he a smooth cutoff function supported on [—2, 2], r/ = 1 on [—1,1], and let gxit) = di't/'B)- 
Then we have ^ 

v{t) = gT{t) [ U{t-t')gT{t')F{gT{t')v+ gT{t')z){t')dt'. 

Jo 

So we define P by 

Vv{t) = gT{t) f U{t-t')gT{t')F{gT{t')v + gT{t')z){t')dt'. 

Jo 
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Now it suffices to prove V has a fixed point in closed subset of T] x M'^) outside a set of 

probability < Cexp (— ) • For that purpose, we show contraction inequality (Proposition 

I4.1jl for T). Then exactly same arguments in p.ll of [3] give Theorem ll.il 


Proposition 4.1. Given (j) £ let cf)‘^ be its randomization. Then, there exits a = 1+, 

b = and 9 = 0+ such that for each small T <C 1 and R > 0, we have 

\\Dv\\x^x<CiT%\\v\\\,.,,+R^) 

\\Dv - Dw\\x<T,b < C' 2 r®(||u||^a .6 + 11'^ “ 

outside a set of probability at most C exp ^ ■ 

Proof. We shall only show hrst estimate, then second estimate can be also proven similarly. By 
using Lemma 13.11 and duality, we get 


\\Dv{t)\\x<r,b < T^\\F{r]TV + r]Tz)\\xa,b-i+e 


_ rj-iO 

= T sup 

lh4||_,(-o,i-6-e<l 

So there exist 6 terms to be considered 


/ / {V)^[F{r]TV + riTz)]v4dxdt 

J JKxR'* 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 


xK'i 

xK'i 

xK'i 

(V)^(|a:r2“ * 

(V)"(|x|-2“ * 


\riTv\^)riTVV4,dxdt 

\riTz\^)riTZV4.dxdt 

{rjTvrfrz + rfTvrjTz))riTVVidxdt 

\r]Tv\‘^)r]TZViidxdt 

{rjTVfjrz + lfTvrjTz))r]TZVidxdt 

\r]Tz\‘^)'i]TVV4dxdt . 


We will estimate each term by using Stricharz estimates, Bilinear Strichartz estimates and 
probabilistic estimates. 


1st Term : vvv term 
(4.2) 


(V)”'((|x| * \r]Tv\"‘)r]Tv)vidxdt 


By Holder inequality, ()4.2I) is bounded by 
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Kill < 


LfLl 


for some small positive e such that e < ^(cr — From Lemma 13.31 we have 

l'*^4||jjj'0,i;(i-2e) ~ ll'i’illxoa-fc-e • 

In order to deal with nonlocal term, we introduce useful lemmas. 

Lemma 4.2 (Lemma A1 ~ Lemma A4 in [30]). For any s > 0 we have 

iiivi^(uu)||l^ < iKr^iiA’'i iI'*^iil'^ 2 + ikiii'^i iKr^iiA''2) 

where l: = ^ ^ r* e (1,oo), G (1,oo], i = l,2. 

Lemma 4.3 (Lemma 3.2 in [19]i. For any 0 < ei < d — 2a we have 


||kl * (I'^l 

By using Lemma 14.21 we get 

||(V)-((|x|-2“*(|^ru|2)^ru) 


roo Il^ll .2d ||u|| 2d 

'd—2oL—e-i d—2o.-\-e-i 


< 


x\-^-* {\riTvn\ 1 II(V)>t^;||l^l2 


I-2a 


+ ||(V)'^(|x|-^“*hH^)ll 2 ^llryruii ^ 

T 1—£ Y 2oL+ae 


Y 1 —e Y d~2oc — oc€ 


Thereafter, from Lemma 13.21 we obtain 

Wi'^YhTvWi^Ll Y ll^^llx-.'’- 

, we use Lemma 14.31 and Holder inequality 


For ||lx| * (|?7ri’P)|| i 

Lj^l 

II 1^1 * (I^T''*^P) II 1 


< 




||t/tu|| 


Then, from Sobolev embedding, we obtain 


\\'qTv\ 


V L .. 


e Y d—2a—ae 




T=5 j d-2(l-e) 


, \\VTV\ 


WVTVI 


< IKv)"^u| 


-e r d—2a.-\-a.e 


Y 1—£ Y d—2{^l—e 

F/j. J-Jx 


where ai = 


_ d—2{l—e) d—2a—c 


2 2 

||(V)-iu| 


and (72 = 


_ d—2{l—e) _ d—2a+as 


. And Lemma 13.21 yield 


2 2d ,||(V)"2u|| 2 2d < ||u||^.,., 

Y 1 —£ Y d—2{l—e) Y 1—£ T d—2{l—e) 

L,^ L,x 4^+ djx 




because e < ^(cr — %) gives (72 + (2 — a) • YY < cti + {2 — a) ■ YY < o'- 


o v” 2 
I-2a 


For ||(V)'^(|x| * |??T'or)|| 2 2 d , we use fractional integration Theorem 


1 —£ 2oi + ae 

|-2a . I ^ i2 


ll(v)"(N-^“*hTK)ll ^ - <II(v)"(KK)|| 2 2d, . 


—£ Y 2a.-\-ae 


L., 


Y i —£ r 2d — 2a-\-a£ 
^x 


Then Lemma 14.21 and Holder inequality give 


ll(V)"(|r?T^nil 


-£ r 2d—2cx+a£ 

^x 

By using Solobev inequality and Lemma 13.21 we have 


2d _ ^ |KV)‘^u||r°oL2||u|| 2 


L/-"L 


2d 

£ r d—2a+Q:£ 


I'OII ^ , .2d, < ||(V)'^2^|| 2 2d < \\v\\x^.b. 

Y 1 —£ r d —2(1 —£) 

-1^+ -Lc-7’ 


Y 1 —£ Y d-~20L-\-OL£ 
-F/f Fix 
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In conclusion, we get (I 4 . 2 jl is bounded by ||u||^^^5||u4||xo.i-6-s. 

In order to handle remaining terms, we make dyadic decomposition and assume Fourier trans¬ 
form of Zi, Vi is supported on the set ^ Ni}. In dealing with 2 nd, 4 th and 6th terms, we may 
assume iVi < N2. 


2 nd Term : zzz term 
( 4 . 3 ) 


(V)°'((|x| * ZiZ2)z3)v4,dxdt\. 


We consider two cases separately 

i. max(A^i, -^3) ~ Lned(A^i, A^2)-^3) 

ii. max(IVi, IV2, ^3) > med{Ni, N2, N3). 

Case (2.i) : max(W, A^2, .^3) ~ med(A^i, A^2, .^3) 
By Holder inequality, (j 4 . 3 l) is bounded by 

ii(vr((ixr2“*(ziz2))^3)ii 

for some small positive e. From Lemma 13.31 we have 




P4|| 1 




l'f^4|| 1 < WviWxo,bil-2e) = ||P4||xo.i-s.-e- 

L/j. L/z. 


And by using Lemma 14.21 we get 


||(v)'^((|x|-^“*(h^ 2 ))^ 3 )II ^ <IIN-"“* (^1^2)11 ^ 3. IKv)-z 3 || 3 ^ 

Lr^Ll 

J^X 

+ ll(V)'"(|xr2“ * (2;^2;2))|| ^ 3<i||23|| 3 ^ 

T 2. —Is T 2a. _i 


_ „ 4a 


We hrst concern term |||3:| * {ziZ2)\\ .3 3d ■ Fractional integration theorem and Holder 


■ T ^ 


inequality yield 


\x 


-2a 


(h22)|| 


< 


T ^ 


^1^21 


3 3d 

T 2 —2£ T 3d —4a 


< 


HI I 


2d IH 2 II 2d 

< 4a 3 5o 


Then from max(W) A"2, F3) ~ med(iVi, F2, F3), we obtain 
\\\x\-‘^^ * {ziZ2)\\ ^ m\\{VYz3 

- 2 — 2e T 2a 


Y IIhI 


II(V) 222! 


2d 

3_ ~ ^ 




11 (^) 223 ! 


lj^l: ^ lj^l: ^ 

+ ||(v)fzi|| 3 ^lKv)fz 2 || 3 

4a ^ ’J j 


2d 2^3 2d 

4a 3 ~Z ^ 
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For ||(V)'^(|x| * (-2122))II 3 3d , we use fractional integration Theorem 

- ‘2 — ‘2e T 


ii(vr(N-^“*(zi^2))iL^ < iKvr(^ 1 ^ 2)11 ^ ^ 


2 — 2e T 3d—4o 


Then fractional Leibniz rule and Holder inequality give 


ii(vr(^i^ 2 )ii 3 ^ < ii(v)'^ziii 3 

r 2 — 2e T 3d —4 q: _2. 


2d 11^2 II , 

L^^Lt ^ Lj^Lt ^ 


2d 

4q: 


HI 


3 "Z 4q 
r 


ad IKVrz2| 


And from max(A^i, A^ 2 ) -^ 3 ) ~ med(A^i, N 2 , N 3 ), we have 

IKvr(N-2“*(ziZ2))|| ^ 3d||^3|| 

- 2 —2e T ^ 


■ T “— 3 " 

^x 


^ IIh 


I 3 ^IKV)2Z2|| 3 ^||(v)2Z3|| 3 ^ 

jT^t^--T 

J^x J-'l ^X ^x 


+ ||(V)2Zi| 


T —T d— 


2 d II (V) 222! 


2d \\Zs\\ 2d 

3 4q 3 "Z 4o 

ly. 1 ^. 


Therefore, from Proposition 12.41 and ^ < s, we conclude that 

(| 4 . 3 p < -R^||u 4 ||jjf 0 .i- 6 -s 

max (JVi, Af 2 , A 3 ) ~med (Wi, Af 2 , A^s) 


outside a set of probability 


cr ( 

< C exp ( - c 


-)• 


r—1|</>||^,. 

Case (2.ii) : max(A^i, A"2)-^3) S> med(A^i, ^"2, A's) 

Since the case of max(A^i, A"2) A3) ~ ^2 can be similarly handled, we only deal with the case 
of max(A'i, N2,N^) ~ A3. Then we consider 4 cases separately. 


a. A4 ~ A3 > > A2 > Ai 

0 — 1 


b. A4 ~ As > > iV2 ~ Ai 


c. A4 ~ As > iV2 > Ag^^-' > iVi 


d. A4 ~ A^3 S> A2, Ai 3 > Ag'" 


0 — 1 
2o-l 

0 — 1 


Subcase ( 2 .ii.a) : N4 ^ S> A2 Ai 


The spatial Fourier support of Z1Z2 is contained in A{2N2). So we note that |V ^ N; 
on the spatial Fourier support of ziZ2- Then we have 


2a—d 


IV 


2a—d 


N. 


(h^ 2) = (27r) 


—d 


N2)\ As / ^VAs 


) x{ -i^)zi{0^2{v)d^dr], 


where y is supported in i?( 0 , 1 ). Now we take Fourier series expansion for T(^,t/) = x(C)|? + 
7/P““‘^x(77) on the cube of side length 27 r which contains the support of T to get 


X(0|e + r?p“-"x(r?)= 


v) 
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with I \Ck,i\ < C. Then we have the identity 


N^-d 


{ziZ2) = ^ Ck, 


lZlZ 2 -, 




where Zi = (27r) f and = (27r) J e'^^'^e^^''^Z 2 {r])dri. 

So we need to estimate 


k.iez^ 


2a—d 


(V)'^(44^3)i'4 


dxdt. 


And since + r/|“ < |^|" + |r/|“, it suffices to deal with 


^2a-d f f \{\/yzf4z3V4\dxdt, [ [ \z’l(V)^zl^zsv^ldxdt 

J JrxR<^ J JKxR'* 


and 


Zi Z 2 {^ 4 ^3'^i\dxdt. 


Third term will be only considered, because remaining two terms can be handled similarly. 
By using Holder inequality, Lemma 13.61 and Lemma 13.71 we get 


N; 


2a—d 


\z';zl,(S/YzsVt\dxdt < iVj»-'<||sf(V)”23||i. J|4l.4|li; 


Since ||-2i||xo.'> = ll-^^illxO’*’) Yliki\^k,i\ < C, we have 

E [ [ \{Vn{z1zi)z3)v4dxdt 

,TTt.7 J JkxR'^ 


k,l£l,d- 


2 d+ 2 +2£^1—a+(T+2e I 


<N4 


zi\\xo.b\\Z2\\xox\\Z3\\xox\\V4\\^o,:^-s 


And by using Bernstein inequality carrying out summation in A^i, we get 

E E / [ \{Vn{z’lzi)z3)v4dxdt 

T^AT .777.4 J JRxR'i 


A^i<Af2 k,leZ<i 
jy2a—l—2s+2ej\^a—l+o-—s+2eu^\ 


rs_/ * ’ 2 
a — 1 


X^A\^2\\x‘>A\^^\\x^A\X4\\^0,i-e- 


Since N 3 S> 7^3 S> A "2 S> A^i and 2a — 1 + s + 2e > 0, from summation in N 2 ., we obtain 

E (S31) < E 


a —1 
'2ol — ~ 


kllx'>.‘'lkllA'>.‘'lk3||A'>.'>ll'^4Eo4-£ 


>Af2>Afi 


In order to make summation in N 3 be finite, the power — 2g ^^_^ + a — s should be negative. So 
we need the condition 


s > a 


2a - 1 
4a-3' 
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After carrying out summation in and applying Lemma l3.11 we have 

(@3]) < r° ||w4||^o4-e- 

a — 1 

:S>N 2 ^Ni 

Therefore, from Lemma 12.21 we conclude that 


E aa<r“-R3||t,4ii^„,._, 

a — 1 

N4-^N3:$>N^^ >Af2>Afi 

outside a set of probality 

Subcase ( 2 .ii.b) : ^^4 ~ ^"3 > > iVa ~ iVi. 

This case is more delicate because might be singular on Fourier support of ziZ 2 - First 

we decompose such that 


Cexp ( 


|V| 2 a-d = ^Ar 2 «-rf^(|v|/Ar), 

N 

with a cut-off i/j supported in A(l). Here V^d^l) is pseudo-differential operator defined by 
V'(lVl)/ = • 1)-^/)- Then we have 


(V)°'((|3:| * ziZ2)z3)vidxdt 



'il){\V\/N){ziZ2)zz)v4:dxdt. 


After that we decompose zi and Z 2 into functions having Fourier supports in cubes of side length 
2 ~‘^N. Let {Q} be a collection of essentially disjoint cubes of side length 2 ~‘^N covering ^(iVa). 
Let us define ZiQ by ZiQ = XQiO^i i = 1,2. Then we have Zi = '^qZiq for z = 1,2. Since 
iVi ~ iVa, we may restrict Q C A(A'a)- So, we have 


/ / \{Vr{N^^-'^i;{\S/\/N){ziZ2)z:,)vi\dxdt 

n \{y)%N^^-U{M/N){ziQZ2Q')z^)v,\dxdt 

QQ/J JRxE'i 


E / / \{'^r{N^^-'^^{M/N){ziQZ 2 Q>)z:,)v^\dxdt. 

dist(Q-Q')<m'^ JRxK'i 


Here, the last equality follows from the fact that 'i/’(|V|/A^)( 2 ;iQZaQ') = 0 if dist{Q, —Q') > IN. 
We observe that 


V’(|V|/iV)(2;iQZ2Q') = j j - Co)V'((C + d)l^)x{v/^ - m)'^^'didr] 

for some ^o,ho € and x supported in H(0,1). Let us take the Fourier series expansion for 
d) = x{i ~ ^o)'0(? + 'n)x{v ~ Vo) on the cube of side length 27r which contains the support 
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of 'll to get 


X(e - + ri)x{v -Vo)= E 


with \Ck,i\ < C, independent of Co^'Ho- So, we have 

^|;{\V\/N){z,QZ2Q^) = Y, Ck^izIgZ^Q, 
k,l&d- 

where z\q = / and Z 2 Q' — f Hence we obtain 

V [ [ \{VnN^^-'^^|;{\V\/N)iz^QZ2Q>)z3)v,\dxdt 

dist(Q-Q')<AN'^ 

E [ [ |(V)"(iV2“-'^( Ck,iz’[Qzi2Q,)zs)v,\dxdt 

—ni\-^AM'' d'RxR'^ kl£lA 


dist{Q,—Q')<4N 


< 


E E 


2a—d 


dist{Q-Q')<AN 

So we need to handle 


\{'^y{{ziQziQ>)z3)vA\dxdt. 


N2a-d f f \{S7yz'lQzi2Q,Z3v4dxdt, [ [ {z^Qi^yZ^ q.Z^V^ dxdt 

J JRxR'^ J JRxR^ 

and TV^a-d f f ^ZiqZ 2 qi{S/ yZ3V4\dxdt. 

J JRxR'i 

Third term will be only considered, becanse remaining two terms can be handled similarly. By 
nsing Holder ineqnality, Lemma 13.61 and Lemma 13.71 we get 


/ / k?Q4Q'(V)"^3ii4|dxdt < Ar2a-<^||^fc (V)'^Z3 |Il2J|4q,i;4|L^ 

J JRxRd 

< 1 '^~^'^^‘^’^\\ZiQ\\xO,b\\z2Q'\\xO’b\\z3\\xO,b\\v4,\\^Q l_^. 

Since H^iqIIxo.*’ = lkiQllxo.f>) ll4Q'llA0.f> = I42 Q'|Iao.'> \^k,i\ < C, we have 

E cife,^iv 2 a-d f f \y^^y^,{s7yz3v4dxdt 
JRxRd 

< N‘^'^~^~'^'^NyN^~'^~^'""^‘^’^\\ziQ\\xo,b\\z2Q'\\xo,b\\z3\\xo,b\\v4\\^o i_^. 

Thereafter we use Cauchy-Schwartz inequality, orthogonality and Bernstein inequality to get 

^ ^ \ziQziQ,{VyZ3Vi\dxdt 


-^t,x 


E E 

dist{Q-Q')<AN k,le'Z<b 

< N‘^‘^-^-^'^NyNl-°‘+‘^+^^\\zi\\xQ.b\\z2\\xo.4z3\\xo.>’\\vA\\^o,ye 
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Then summation in iV < N 2 gives 
N 2 


E E E [ [ iz’iQZ^^Q'i^r^sv.idxdt 

=—nr, rliet(n —ni\<rAM l. JM.xR‘^ 


A=-oo dist{Q,-Q')<4:N fc,igZ4 

^ ^j2a—l—2s+2e-\jl—a+a—s+2e\\^ i, ,, ^ ,, ,, 

a—l 


Since 3> Nn°‘ ^ A ^2 ~ -^1 and 2a — 1 — 2s + 2e > 0, we have 


N 2 


a — l 
2a — ’ 


E E E E ^k,iN' 

N=-oq dist{Q-Q')<4:N k,lGZ^ 


2a—d 


\{'^yii4Q4Q')z3)v4\dxdt 




Q-1 \ rr - I 

<- AT- ^'®2a-l^^ 1^1 


2a-l^ 


II^3||x»'*' lT4||^o4-e 


Thus, from Lemma l3.11 we obtain 


o.. Q-l I _ ^1 6a —4 ^ 

<t^-n; — \\rfHs\\PN,r\\H4v4\\^od,-s- 

We can carry out summation in N^, because the power(—2s 2 a\ + c — s) is negative. 
Therefore, by using Lemma 12.21 we conclude that 


E 03 s 

a — l 


outside a set of probality 

Subcase (2.ii.c) A ^4 ~ iVg > A^a > > W 

Adopting method in Case (2.ii.a), it suffices to estimate 


Cexp ( 




(V)"(44z3)u4 


dxdt. 


So we have to handle 


j^2a-d f f \{^yzfziz3Vi\dxdt, [ [ |(V)'"4-23T^4 1 

J ./rxR4 J JkxR4 

12 ^ ^2 (V) 23 U 41 dxdt. 


and [ [ 

J Jr-. 

Third term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality. Lemma 13.61 and Lemma 13.71 we get 


N; 


2a—d 


\z\z\{VrZ3V^\dxdt < iV|“-"||4llLf,JI(V)"^3|lL4 J|z^4||z2 


<N2 


2a-d 




11^1 IIj\:0’<>II^2IIl4 ||(V)'^2;3||^4 ||t;4|| 
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Thereafter, from '^ki\Ck,i\ < C (with = Ikillxo.'') Ik^lluf = ); Bernstein 

inequality and Lemma l3.11 we obtain 

V [ [ \z'lzi{vrz3v4dxdt 

k,l&d J 

Then summation in Ni and N 2 yields 

N 3 nI 

1 

iVl=l fcJGZ'* 


Q —1 

'2a —1 


Z Z Z / / \z\z^^{VYz3V^\dxdt 

N2=N^ 

1 - ,r"(^) + T^( 2 a-d)+<.+ ||5!. 


< T^-N~ 


H4{Wz2\\LiJ{^rZ3\\LlJ\v,\\^0,Ye- 


Hence, from Lemma 12.21 and Lemma 12.41 we conclude that 

(I13D < T^~R^ 


a — 1 
'2a —1 


x°’Y 


Af4~iV3>Af2>Af3 >iVl 
outside a set of probability 


R^ 

<^^xp(-c—^)+Cexp(-c 1 .. ). 


Il<^ll 




T-4m 


H” 


Subcase (2.ii.d) : A ^4 ~ A ^3 > iV 2 > iVi > 

Holder inequality and Lemma [331 yield (|4.3|i is bounded by 


< 

r\j 


|KVr((|x|-^“*(ziZ2))z3)|| 1 Jb4|Li <||(V)-((|x1-^“*(ziZ 2))^3)|| 1 1^4 ||xO,l-.-« 


Lj^Ll LfLl 


Lr^Li 


for some small positive e. Thereafter, from Fractional integration theorem. Holder inequality 
and Lemma 14.21 we obtain 

<14-3P < |KV)°'^l|| „ 2d \\Z2\\ 2d llzsil 2d ||u4||j(^0,1-6-9 

o j 4c>: B j 4 q B j Aa 

d--3- 

1j^ L/x Ijx J^x 

+ lki|| „ 2d ||(V)°^ 2:211 2d llzall 2d ||u4||xo,i-i>-e 

0 j 4q o j 4q o j 4a 

+ Iklll „ 2d llz^^ll „ 2d ||(V)°^ 2^311 „ 2d ||u4||_Y0.l-b-e. 

•j j 4a 0 j 4a B j 4a 

r T T 

-L'2: J-'t J-'x 

Then we use Bernstein’s inequality and carry out summation in iVi,iV 2 to get 

^IKv)^^3 


N 3 N 2 

E E »<E“^*ii(v) 

A2=Afi ,^-1 

N-l=NY~^ 




o j 4a 


, 2d ||U4||_Y0.i-b-e. 

o 3 4a 
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Therefore, from Lemma 12.41 we conclude that 

(|4.3p < 


Af4~iV3>Ar2>Afi>Af3 

outside a set of probability 


oc — 1 
2a-l 


< Cexp ( - c 


-)• 


3rd Term : vzv term 
(4.4) 


t—UWhs 

(V)'^(|a:|“^“ * {viZ2)v‘i)vidxdt\. 


We consider two cases separately 

i. max(iVi,iV3) > N 2 

ii. max(A^i, N^) <C N 2 ~ A^ 4 . 

Case (3.i) : max(A''i, > N 2 

We assume Ni > N^, because the other case can be similarly handled. Holder inequality, 
Lemma 14.21 and Lemma 13.31 yield 


»<ll(V)"((N-^“*(r;iZ2)i;3)|| 


1 114 1 

T r 2 L ® L 2 


< 


|||x| ^“*(1112:2)11 1 |KV)^U 3 ||rco^ 2 ||'(; 4 ||x 0 .l-i- 

+ ||(Vr(|x|-2“*(ui22))|| 2 ^ 


-e T ‘ 2 oL-\-cy.£ 


L I — £ T d — 2q: — etc 
t 


XO,l-b-0 • 


Thereafter we use Lemma 14.31 Holder inequality, Sobolev embedding and Lemma 14.21 to get 


< (\\vi\\^ 2 


L I — s T d — 2q: — CUE 
t 


\vi 


1 —£ T d—2a-\-ae 


F2 


1 

II -y II 2 

2d 11^211 2 2d 

2a —ae r 1 —e r d—2a+a£ 


+ ||(V)°'(r;i 2 : 2 )|| 2 m —) X ||?;3||j^a,6||u4||jf0.i-6-s. 


-e T 2d—2a+ae ' 

Then Lemma 14.21 and Lemma 13.21 give 


< 

r\j 


X'’’b\\Z2\\ 2 2d lH 2 || 2 2d IT 3 l|y<^,MT 4 ||yo,i-t-e 

j 1 — £ j d — 2a — ae j 1 — £ r d—2a+a£ 


+ ||(V)'^?;i|| roo£,2 112:211 2 


L/-®L 


2d 

£ r d—2a+a£ 


JY'CTjb II ^^4 11 


+ lbl||L?°L2 ||(V)°'2:2|| 2 2 d ||u 3 ||jya,t,||i; 4 ||jf 0 ,i-b-e. 

t -x J 1 _£ y- d—2a-fa£ 


Since W > N 2 , we have 


I^i||l?°L 2||(V)'^2:2|| 2 2d ||u 3 ||j^a,b||u 4 ||j^o,1-6-9 

t 2 ; J. i_£ J d—2oL+cx.e 


< 


||(V)°'i;i||roo£,2 ||2;2|| 2 


£ r d—2a+a£ 


^(T,b II '^^4 II —— ^ • 
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Therefore, from Lemma 12.41 we conclude that 


(ga 

max(A^i, A^ 3 )^A ^2 


outside a set of probability 




<Cexp(-c )■ 


‘'\W\\H0+' 

Case (3. ii) : max(A^i, A^s) <C A ^2 ~ -^ 4 - 

We assume > N\, because other case can be handled similarly. As in Case (2.ii.a), we 
shall deal with 


V Ck^iNl^-^ [ [ (V)'^(u^'u3)^4 

J JRxR'^ 


k,l&d 


dxdt. 


So we need to estimate 


J^2a f f \{'V)'^vfz2V3Vi\dxdt, A^|“ '^ [ [ \vf{'V)'^Z2'^3Vi\dxdt 

J JRxRd- J JRxRd- 

and f f \vfz 2 {'V)'^V 3 V^\dxdt. 

J JRxRd- 

We will consider second term only, because remaining two terms can be handled similarly. By 
using Holder inequality. Lemma 13.61 and Lemma 13.71 we get 


W 


2a—d 


\v^{Vyziv3V4\dxdt<N^°‘ '^||(V)'"4IIl4 HusIIl^ \\v’[v4l^ 


'^t,X 


2a-d 




X0.6||(V)'^Z2lll,4^lb3|lL4^ ||u4||^0,^-e 


Thereafter we use ^ (with ||uf ||ji(^o.6 = = 11^211x4 ), Bernstein 

inequality and Lemma 13.21 to obtain 


N. 


2a—d 


E 


k,iez<i 


Vi (V)'^Z2VsvAdxdt 


d —1 I r>.- _ I d — ct 1 — Q; I o 

< N~ ~ 


X<t, 6 II (V)^2:2 112,4^ ll^sllx'^.f’ ||l^4||^0,l_e 


Then we carry out summation in Ni 

N3 


^ Ctj 

iVi=i k,iei,‘i 

cr-s+2a-d+i:^+2£ ,^4^+2£-o--cr+ 


\v\(yY Z2V^V/^\dxdt 


<N2 


- 


bllx-.'-IKV)^2:2 ||l4 J|'(^3||a-.'> 11^411^0,1- 


We observe that —d + 2a + h < s gives a — s + 2a — d+ + 2e < 0, when a — %,e is sufficiently 


small. So if — 2a + + 2e < 0, then summation can be carried out over A^ 2 ) A" 3 - Otherwise 


d—a 
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it should be checked that a — s + 2a — d + + 2e + — 2(T H—+ 2e < 0. Actually the 

following hold 

1 —« „ d—1 „ d — a 

(T — s + 2 q: — d --- \- 2£ -\ --- 2(7 -\ ---h 2e 

2 2 4 

5 d ^ ,Qa — A:. 5 0^-/1 2a — 1 

= -cr - s + -a - - + Ae < - -)a + -a - - + 4e( because s > -- -a) 

4 4 Ma-3^ 4 4 4a - 3 

.6a — 4x 3 1 a 

< — -- fj + -a + Aei because d > 2a) < —-r-;-ra + Aei because <7 > —) < 0 

Ma-3^ 4 4(4a - 3) 2 

when e is sufficiently small. Hence we have that 


E 


max(7Vi ,A^3)<C!A^2'^-^4 

Therefore, from Lemma 12.31 we conclude that 


(lOI) ^ ll^^llx-.<>ll(V)"^||L4j|u||x-.*>ll^^4||^0.1-e- 


(B31) ^ 


X°’i~ 


max(A^i ,A^3)<^A^2'^-^4 

outside a set of probability 




<Cexp(-c . ). 


Tm\i. 


4th Term : vvz term 
(4.5) 


(vr((ix 


-2a 


* V1V2)z^)vidxdt 


We consider 3 cases separately 

i. N 2 > Ns 

ii. Ni <C N 2 Ns ~ A^4 

iii. A^i ~ N 2 ^ Ns ~ A^4. 

Case (4.i) : N 2 > Ns 

Holder inequality and Lemma 13.31 yield 


(IM1)<II(V)"((|x|-^“*(uii;2)z3)|| 


Lt^Ll 


T4|| J- 




< 

rs_> 


x\ ^"*(uii; 2 )|| 2 2d JKV)"z3|| 2 ^ 2d ||i^4||j5(:o,i-&-^ 


1 —£ r 2a+Q!£ 


— £ T d — 2ct — o 


+ ll(^)°^(l^l 2 2d ||Z3|| 2 24 _ ||U 4 ||jfO,l- 6 -e 


1—£ T 2oL+ae 


Then we use Sobolev embedding and Holder inequality to get 


< 

rs^ 


\viV2\\ 2 24 ||(V)"'^3|| 2 24- ||i; 4 ||j^ 0 . 1 - 6 -S 

r 1 —£ r 2d— 2a-\-a.e j 1—£ r d—2ot — ae 


+ ||(V)°'(uiU2)|| 2 ,24 — ||2;3|| 2 


|U4|| j(^o,i-6-e 
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And Lemma 14.21 gives 


< 


2 2d _|b2||L?°L2 ||(V)'^2:3|| ^ ^ 2d _||i;4||xo>i-'>-e 

I —e r d—2ct+ae ^ ^ j 


1—e 

't 

T d — 2oi 
J-'x 

— ae 


2 

2d 

l} 

—e r d— 
^x 

2a. —ae 


2 

2d 


— e T d— 
^x 

2a —ae 


" " r T d-2oc+ae ' -^x 

+ 2 2 d 

^ r 1—e T d—2a+cke 

J-'i -^x 

Therefore, from N 2 > N^, Lemma 13.21 and Lemma 12.41 we conclude that 

(USD < i?||u||^..6||u4||x0, 1 - 6-9 

N2>N3 


outside a set of probability 

<Cexp(-c^^ 
Case (4. ii) : Ni N 2 Ns N 4 




1/10+' 


-)• 


Adopting method in Case (2.ii.a), we need to deal with 

Ck^iNl^-'^ [ [ {Vr{v’lvizs)v4 


k,l&d 


dxdt. 


So we have to estimate 


^ 1 ""'^ f / \{N)^v^viz3V4\dxdt, [ f \v^{V)^vi2Z3V4\dxdt 

J JRxR<i J JRxRd- 

and f f |u^?; 2 (V)°' 2 ; 3 i; 4 |(ix(it. 

J Jw.xRd. 

Third term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality and Lemma 13.71 we get 

j\^2a—d j j /^\a ^ \ ^ ]\r2a—d\\^,l\\ . II/V7\crII . IL,^^ 

J JRxl 

ib i''2 ITiIIao.6|| 

Then '^ki\Ck,i\ < C (with ||ui||xo.6 = lliiilixo.b, = ||u2||l 4 )) Bernstein inequality and 

Lemma 13.21 yield 


\vfvi{vyZ3V4\dxdt < '^11411^4 J|(V)'"z3|lL4j|i;^U4||i2_ 


V Ck,lNl'^-^ [ [ \v'^vi2{VrZ3V4\dxdt 

, TTt., J JRxRd 


k,l&<^ 

^^2 ^3 ^4 ll^l|lA-+lb2||x-.6|KV) Z3||i4j|u4||^0.^-.- 

Thereafter we carry out summation in Ni to get 
N 2 

V V Ck,lNl^-‘^ [ [ \v'lvl2{VrZ3V4\dxdt 

J JRxRrf 

^llA-.6||u2||x-.6||(V)^Z3||i4j|i;4||^0,l-.- 


Afl=l fc,iGZ4 

-2cr-| + |o-i+2£:^cr-s+i^+2£ 


<N 2 
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Here we observe that — 2 ct — | + |a — ^ + 2e < j — ^ + 2e < 0 when e is sufficiently small. 
Hence one can carry out summation over N 2 . For summation over A^ 3 , it is necessary that 
cj — s + + 2 e < 0 , which is true when s > 5 and e is sufficently small. 

Therefore, from Lemma 12.41 we conclude that 

(SSI) < \\v\\xaA{Vyz\\^J\vA\\^o,^_, < 11^411^0. l-e 

Ni <^N2<^N3 ~ A^4 


outside a set of probability 


< C exp ( — c 






-)• 


Case (4.iii) : Ni ^ N 2 N 3 ^ 
As in Case (2.ii.b), we consider 


dist{Q,-Q')<m k,leZ<i 

So we have to estimate 


E [ \iWiiVlQviQMv4dxdt. 

-nl\<^AATl.IizVd d JKxR 4 


T 20 L — d 


^2a-d f f N' 

J 7rxR4 

and / [ \viQV 2 Q'{'^r^ 3 v 4 dxdt. 

J 4RxR4 


^IQ (V)" V2Q'^3'^'i\dxdt 


Third term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality. Lemma 13.61 and Lemma 13.71 we get 

/ |^lQ4Q'(V)"^3^4|dxdt<iV2a-=*||4 (V)‘^2;3||i2 

J 4RxR4 

Since Yjk,i\^k,i\ < C (with ||u^q||xo .6 = llffigllxo.'’; II^ 2 Q'lixo.'’ = ll'i^ 2 Q'IIato-O) we have 

E [ [ \v'^Qvl2QyVrZ3v4dxdt 

k,l&<i 4RxR4 

Thereafter we use Cauchy-Schwartz inequality, orthogonality and Bernstein inequality to obtain 

E E [ [ \{'^yiiviQviQ,)z3)vi\dxdt 

1 U l^vd d JRxR4 


dist(Q-Q')<iN k,le.Z<^ 

<A' 2 a--^Ar<^-l+ 2 e^l-«+ 2 ^||^^||^,,,||^ 2 ||xo, 6 |KV)'^^ 


MT4||^o,i-e 
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Since N < Ni ^ N 2 <C N 4 , we have 

N 3 N 2 


EE E \{WiiviQv'2QMv4d^dt 

N2=lN=-oodist{Q,-Q')<4Nk,l&Z<^ JKxlRd 

< II(V)"z3||ao.6 1^411^0,1-. 

Then, from Lemma l3.11 we get 

Because a — 1 — a — s + 2ei < 0, we have finite summation of N^. 

Hence, by using Lemma l2.11 we conclude that 


A^l A^2 *^-^3 ~ A^4 


outside a set of probality 

5th Term : vzz term 
(4.6) 






(V)‘^(|x| * {viZ 2 ))z 3 V 4 dxdt 


We condiser 4 cases separately 

i. Ni > max{N 2 ,N 3 ) 

ii. N 2 ~ -^3 
hi. Ni,N 2 <^N 3 
iv. Ni,N 3 <C N 2 . 

Case (5.i) : Ni > max(A^ 2 ,-/Va). 

Holder inequality. Lemma 14.21 and Lemma 13.31 give 


T4 1 
'Lj=^Ll LjLl 


m <\\{^ rm -"^*{ viZ 2 ) z 3 )\\, 

|x|“^" * (^ 12 : 2)11 2 2 d II (V)'^ 23 II 2 2 d ||i;4||x0,l-6-e 

T 1 —£ T za+ae j 1—e t d—Za — ote 

L/^ Jjx J-'i djx 

+ ii(vr(ii-r"“.(!>i 22 ))ii. 2 2 d ll-g'^ll 2 2 d ||'U4||_Y0-l-<>-g ■ 


< 

rs-< 


— £ r 2ci + Q;£ 


L/-" L 


r 1 —£ Y d—2a — ae 


Thereafter we use Sobolev embedding to obtain 


< 


VlZ2\\ ^ - ll(V)'^^3|| ^ 2d- ||u4||j^0,l-6- 

1 TTZJ I d—2a — ote 


-£ T 2d—2a-\-ote 


+ ||(V)‘^(ui 2:2)|| 2 ,2d — ll^all 2 2d-||u 4 ||j(: 0 . 1 - 6 -S 
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Then Holder inequality and Lemma 14.21 yield 


< 

rs_/ 


1^1 IIl?°L2 112211 2 2d -||(V)'^23|| 2 


+ lbl||Lt°°L 2 II(V)'^ 22 || 2 2d II 23 II 2 

r 1—£ r a—za+ae r 1—e r a—2a.—ae 

J-'x ^x 


+ ||(V)°'Ul||^<x.^2 II22II 2 2 d II23II 2 - 

^ T 1—e T d~2oLd-Gte j 1—e j d—2a—ae 


V4\\xo,i-b-e 
2d_ T4 y0,l-6- 

!q; —ae 

2d_ ||'U4||j(^0,l-6- 


Therefore, from Lemma 12.41 we conclude that 


E 

Wi > m ax ( A ^2 ,-/V 3 ) 


(| 4 . 6 p < R^\\v\\x<T,b\\v 4 \\xo,i-b-e 


outside a set of probability 


< C exp ( — 






I// 0 + 


)• 


Case (5.ii) : A^i <C A ^2 ~ -^3 

We assume N 4 > Ni, because other case can be handled similarly. As in Case (2.ii.a), we 
shall deal with 


k,l&d- 


{Vy {v\z2Z‘i)vA 


dxdt. 


So we need to handle 


^2a-d f f \{vyv^ziz3V4\dxdt, ziz3V4\dxdt 

J JM.xRd. J jRxRd- 

and [ [ IvUiiVyZ 3 V 4 \dxdt. 

J JRxRd 

Second term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality and Lemma 13.71 we get 


n: 


2a—d 


vyvrziz3V4\dxdt < Nl^-^VyzXlJyshlMMLl 

4 iTl II^sIIlI 


t,x 




r0,-7-e 


-^t,x " '''"-^t,x " 

Then from y^ki\^k,i\ < C (with = IbillxO’*') = Ikallil ) and Bernstein in¬ 

equality, we obtain 


V Ck,iNi^-^ [ [ \vyvrziz3v4\dxdt 


k,lGZd- 


^^i|Ix-.'>II(V)"22||l 4 ||(V)"23|lLf JI^^4 |Lo 1 




t,x" 


Last line follows from A^i < N 4 . 
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Thereafter we carray out summation in Ni 

( when ^ - a + ^ + 4e > 0) 


N2 

Ari=l 


^_o c_i_4.p 

^2 = ll^llA^,'>ll(V)^^2||i4j|(V)^Z3|L4j|u4||^o,^ 


( when ^ - a + + 4e < 0). 


Since 


Sa—d 


— 2s + 4e < ^ — 2s + 4e < 0 for sufficiently small e and cr — 2s + 2 q; — d < 0, we have 




E M < WvWx-AlC^yzWlfJlMj^o, 

A^1<CA^2~-^3 

Therefore, from Lemma 12.41 we conclude that 


E M < i?^||u||xa, 6 ||U 4 ||^ 0 . 

Ni<^N2'^N3 




outside a set of probability 


Case (5.hi) : Ni, N 2 N 3 
We consider 5 cases separately 

a — 1 


< C exp ( — 




'rh 


-)• 


a. 

N 4 

~ N^ 

> 


N 2 

> 

iVi 

b. 

Ni 

~ A^3 

> 


N 2 

rsj 

Nl 

c. 

Ni 

~ N^ 

> 

iV2 > iV3'“-' 

> 

Nl 

d. 

Ni 

~ A^3 

> 

Nl > 

> 

N 2 

e. 

Ni 

~ A^3 

> 

A^2; -^1 3> 

^3 

>q:-] 

■ 


Subcase (5.hi.a) : iV 4 ~ iVs S> ^ ^ N 2 ^ Ni 
Similarly to Case (2.ii.a), we need to estimate 


k,iezd- 

Hence we shall deal with 


E [ [ 

J JK; 


(V)-(u^4z3)u4 


dxdt. 


j^2a f f \{V)'^ViZ2^3V4\dxdt, A^|" [ f |U 4 (V)'^4^3^4 1 

J ./kxr4 J 

and f f \vfz 2 {VyZ 3 V 4 \dxdt. 

J iKxM'* 

Third term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality. Lemma 13.61 and Lemma 13.71 we have 

Nt-'^ [ [ \v^zi{Vrz3V4\dxdt<Nl^-%>l{Vrz3h2 ||4u4|L? 

J iRxR'* 
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Then J2ki\^k,i\ < C (with ||fi||xo.'> = Ik^llxo.*' = ll•22||xo.*>)) Bernstein inequality and 

Lemma 13.11 yield 


V Ck,iNl^-^ [ [ \v’^zi{Vrz3V4\dxdt 
J JKxR'^ 


k,iez<i 

d-1 1-a 

<N,^ iVg = 


+cr —s J.J. ^ 2 ^ -\-2a — d —s+2£ ^ ^ A2£ 






Thereafter we carry out summation in Ni, N 2 


a—l 

7V2 


X‘^’>>\\^2\\x‘‘’'> 11^3 I lx®’*' IT4 ||^o,^ 

3 

X‘^’>> 


i=2 


ZEE Ck,lNi^-’' [ [ \v'^zi{VrZ3V4\dxdt 

V2 = l Ni = lk.lGZd ^Kx1R4 


X2=l Ni=lk,l€Z‘^ 


Mx'^-b\\ct)‘^\\H‘\\PN34'‘^\\H‘>\\v4:\\^0,^- 


Since s > , summation in A ^3 can be also carried out. 

Therefore, from Lemma 12.21 we conclude that 

E! (14l6]) < T® f?^||u||jjfa,6 

a — l 

N4,r^N3^N^°‘~^ ^N2 ^Ni 

outside a set of probability 

r ( 

<^exp(-c—^). 


0,i-2e 




Subcase (5.iii.b) : A ^4 ~ A ^3 ^ A ^2 ~ -^1 

Similarly to Case ( 2 .ii.b), we consider 


dist{Q-Q')<AN k,l&d. 
So we need to handle 


^ ^ Ck,lN^^-^ [ [ \{Vn{v’lQziQ.)z3)v4\dxdt. 

— ni\<ANhltz'Fd ^RxR4 


N 


2a—d 


\{'^yv’lQzlQ,Z3V4\dxdt, N' 


2a—d 


Hgi^r Z 2 Q/ Z3V4\dxdt 


and ^ / {uigZ^n'Z 3 V 4 \dxdt. 

J JRxR4 


Third term will be only considered, because remaining two terms can be handled similarly. 
Holder inequality. Lemma 13.61 and Lemma 13.71 give 


/ / hig4Q'(V)"^34;4|dxdt <iV2“-''||u^Q(V)"z3||L?Jl4Q'^^4||L2 

J 7RxR4 


0,w—e • 
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And from < C (with \\v^Q\\xo,b = ||uiqH^ o.b, ||4 q'IIxo.'' = lk2Q'|lxo.O) we have 

V Ck,i / / 

, J JRxR'i 


k,leZ<^ 




Then Cauchy-Schwartz inequality, orthogonality and Bernstein inequality yield 
N2 ^ ^ 

[{vy ((v^Qz!,Q,)z3)v4\dxdt 


E E E C..A 

N=-oo dist(Q-Q')<4:N 
N2 

—d ]\Yd—l-\-2e j\^1—0'-\-2€ 


■2a—d 


< ^2 


|pi I 1x0’'' 11^211x0’*' IKV)°^^3|| X0,b ||'?^4||^0 ^- 


N=—oo 




a — 1 

Since N 2 ^ and 2a — 1 — a — s + ei > 0, we can carry out summation in N 2 so that 

\{Vy{{vfQziQ,)z3)v4\dxdt 


T2a—d 


EE EE 

N 2 = 1 N=-osdist(Q-Q')<mk,l&'Ld 

f a \ „(- 3a-2 -, , o^/ 3a-2 -, 

Vllx^4Kv)*^||xo4Kv)*^3llxo4l^4l4oA-e- 


Then Lemma l3 .1 1 yield 


< T^-N^ 




'^\\x'’’'>\\(p'~ \\h^\\Pn3(P'~ Wh^WvaW ^o,d-e- 


Since s > o' ^^s > ^ za -2 ’ summation in iVs can be carried out. 

Therefore, from Lemma 12.21 we conclude that 

dM]) <t^~R^\\v\\x-A\v4j^o,^-2 


E 

a — 1 
2a —1 




outside a set of probability 

<^exp(-c^^^). 

g-1 

Subcase (5.iii.c) : A 4 ~ A's S> A "2 ^ Ni 

As in Case (2.ii.a), we need to estimate 


J] Ck,iNi'^-^ 
k,l&'i 


{VY {ViZ2zAv4 


dxdt. 
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So we have to deal 


^2a-d f f \{V)^vf4z3Vi\dxdt, [ [ \v’l{V44z3Vi\dxdt 

and [ [ \vfzl^{V 4 z 3 V 4 \dxdt. 

J iKxM'* 

Third term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality and Lemma 13.71 we have 

r2Q: —d 


m 


\viZ^2{'^4^3vAdxdt < ‘^||4||l4 ||(V)'^Z3||i4 \\v’^vA\l? 


t,x 


Then, from '^ki\^k,i\ < C (with = 1^211^4 ) and Bernstein in¬ 

equality, we obtain 


V Ck,iNi^-^ [ [ \v'^zi{vrz3v4dxdt 

J JRxRd 


k,l&Zd' 


i=2 




Since A ^4 ~ A^s S> A ^2 S> ^ S> A^i, — a -|- ei >0 and 2a — d — s < 0, we can carry out 
summation in Ni and N 2 to get 


Ck — 1 

'Ja — 1 


j‘2oL—d 


\v\z 2(SY ^i'^i\dxdt 


Ns 

E E E '^'=.'"1 

,g-i iVi=i fcJezd 
N2=N^^ 

{2a — d)(a — l) , _r a \ ^/ 3a — 2 \ , n^r Sa — 2 \ 

^ ^0- AT 2(2a-l) '~^^2a-l^ 2a-l 2a-l Y\ 11 ||/r 7 \S II ll/rrXS II II II 

YTd^3 ItIIx-.<>IKV) z||l4 J|(V) Z3||l4 J|U4|| 0 l-e- 


^t,x" 

Since + ^( 20 '^! ) “ '^( 20 - 1 ) + ^ sufficiently small e, summation in N 3 

can be also carried out. 

Therefore, by using Lemma 12.41 we conclude that 

6SI) <ro-i?2||^ll^,,,l 


E 


0 , 4 - 2 e 


a — 1 

Ar4~Af3>Af2>Ar3^^ »Afi 


X'^’2 


outside a set of probability 


r 1 

C expl—c—i- 

T-Amh 


Subcase(5.iii.d) : A ^4 ~ A ^3 A^i S> ^ ^ N 2 
Similarly to Case (2.ii.a), we need to handle 


V Ck^iN^-'' [ [ {VrivYizsH 

J JRxRd 


dxdt. 
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So we shall estimate 


J^2a f f \{'VyViZ2^3V4\dxdt, '^ [ [ \vi{'V)'^Z2^3V^\dxdt 

J JRxR'i J JRxRd- 

and [ [ \v’lzi 2 {Vyz 3 V^\dxdt. 

J JRxRd- 

Third term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality and Lemma 13.71 we have 


iV, 


2a—d 


\viZ2(^VZ3V4\dxdt < 


2a—d\\^,k 


xK' 


L’lLlWi^Y^^W _2r\\Z2V4\\l2 

c ^ J- q — 2 J r — 2 


-+2«jv‘r+2«||„{|| ||(V).,, 3 || J, ||4lLv..||i>ilL..._.., 

t T q — 2 J r — 2 yv ^ 


where q = when d = 3 and q = 3 when d > 4. 

Then, from Ylki \^k,i\ < C (with ||ui||i 9 j;,r = HfillL^Lr, ||-Z 2 IIao.*> = l|22||xo.*>) Lemma 
we obtain 


V Ck,iNY-’' [ [ IvUiiW^sVildxdt 

J JRxRd- 


k,l£l,d- 

2a-d+i^ 




" N2^ 


Ix0,;>|k2||x0.<>ll(v)'^^3|| ^ yr\\v4:\\^o^-e- 

T q — 2 T r — '2 A 2 

Thereafter we use Bernstein inequalityand Lemma l3.II to get 

2q< _I 2 —a _ d—1 _c_i_9p. 1 —q: , 

^ ^2^ ll^l|lx<^,^lk2||x=,.||(V)%|| ^ ^ 

Lf^Lr- 

9rv —,T 1”Q=_l_Oc- 

|x<^,S>||-P/V20‘^||f7'>||(V)^2;3|| _29^ _2r^ 


x'^’h 


0, 4 -e 


2a—d+^—^—o- —s4-2e ^ ^~^+2g 

-N^ « N2^ ^ 


L?- L7-" 


x°’Y 


Since N 4 ~ N 3 S> A^i ^ ';$> N 2 , we can carry out summation in A^i and N 2 as follows 


N 3 N. 


Q —1 

2q: —1 


EE": 


2a—d 
2 


7Vi=A3 




\v\z 2 {VY Z‘iV 4 \ dxdt 


Q!-1 / 2-q: | d\ , Q 3q!-2 ^|o 3q:-2 

^0— Tvr 2 q: —1 ^ g 2''^2 q: —1 2q: —1 2q: —1^11 || 11 11 ll/V7\'5.v II IU 1 II 

~ J ^3 2:3||_ IT4||^o,^- 


Lr Lr^ 


After carrying out summation in A 3 , we apply Lemma 12.21 and Lemma 12.41 to get 

X] ISM YT^~lY\\v\\x-.b\\v4\\^o,^_, 

a — 1 

outside a set of probability 

C'exp(-c J ^2 ) + C'exp(-c^ 3 ^——)• 


177“ 


T^Mh 
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Subcase(5.iii.e) : A ^4 ~ A^s > A^ 2 ,iVi > 

From Holder inequality, Lemma 14.21 and Lemma Id .3 1 we obtain 


M<IKvr((|x|-^“*(uiZ2)^3)ll 


U 4 1 
T r 2 T? 


< |||x| ^"*(^ 12 : 2)11 2 2 d_ ||(V)'" 2 ; 3 || 2 2 d _||u4||jY0.i-f>- 

_ 1 - _ I _ n _£ j d—2a — ae 


1—e T 2a-f-ae 


+ ||(Vr(N-2“*(ui22))|| . 2 2d I[ 2 :^ 1 1 2 2d ||'UA||_Y0-l-<>-g ■ 


L/-"L 


£ r 2ci4-Q;£ 


— £ T d — 2oc — oc€ 


And by using Sobolev embedding, we have 


< 

rsj 


^ 1 ^ 2 || 2 2 d II (V)°^ 2:311 2 2 d ||U4||_Y0,l-b-fl 

T ’ —£ r d~2a. — a.e 


1 —£ r 2d —2a + Q:£ 


+ Il(vr(ui22)|| 2 ^ 2d 11 11 2 2d Il'UzlIlj^O.l-b-d ■ 

- ^ oj <->„ I — 1 —£ 7 - d — 2 a —a£ 


T 1 —£ 7 - 2d—2a-\-a.e 


Then Holder inequality and Lemma 14.21 yield 


< 

rsj 


bl||L?°L2 II 22 II 2 2 d—||(V)°' 23 || 2 . 2d ||U4||jjfO,l-6- 


£ r d—2a — a£ 


. -- Lr^L,- 

+ 11^1 2d ll'^-'^ll 2 2d ||U4 ||_yO-1->J-9 

t X j. i_g j. d—2a + a£ r 1 —£ r d —2a —a£ 

+ ii(vr^iii j;^oo£^2 II 22 II 2 2d 11 11 2 2d 11 U4 11 

t X j. i_£ j. d—2a+a£ r 1—£ r d—2a — ae 

L/^ L/j. 1 j^ Lijr; 

Thereafter we use Bernstein inequality and Lemma 13.21 to get 


< iVf 


1 —£ T d —2a + a£ 
-^x 

Now we carry out summation in A^i, A ^2 and A 3 


II(V)^Z2|| 2 

-3 -_II(V)^^3|| 2 2d ||t^4||jY0,l-b-e 


L i — £ r d — 2a — a£ 
t 


E 


< 

r\j 


2 2 d —||(v)^ -2^11 2 2d ||U4||_Y0-l-ti-fl ■ 


a —1 
r2a-l 


X4~X3>X2,Xi>X3-"‘ 

Therefore, from Lemma 12.41 we conclude that 

(14.61) < i?^||u||;S(^a, 6 ||U 4 ||jl(^ 0 ,l- 6 -S 


E 


N4 ^ N2 , A^i ^ 

outside a set of probability 


a —1 
2a-l 




<Cexp(-c ^^_ 


In'* 


6 th Term : zzv term 
(4.7) 


(V)'^(|x| * ziZ2)v'iVidxdt 


We consider 3 cases separately 

i. iV3 > N 2 

ii. A 3 <C A 2 ~ Ai 
hi. A 3 , Ai <C A 2 . 
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Case (6.i) : iVg > iVa. 

Holder inequality and Lemma 13.31 yield that (j4.7l) is bounded by 

||(Vr((|x|-2“*(^lZ2)^3)|| 1 ||U4|| 1 <|KVr((|x|-2“*(2iZ2)u3)|| 1 ||U4 ||x0,l-0-« 


Lj^Ll L.^Ll 


Lt^Ll 


for some small e such that 0<e< — f)- Then we use Lemma [4^ and Lemma [32] to get 


\\{Vrm-^^*{\riTv\^)riTv) 


Lr^Li 


< 

r\j 


< 

r\j 


|a:| "*( 21 ^ 2 ) 11 ^ IKV)'"u3||loc^ 2 + ||(V)'"(|x| "*(zi22))||^ IT3 ||l-l2 


x\ * ( 2 ;i 2 ; 2 )|| 1 


LtLT 


X^,. + \\{Vn\x\-^^*{ziZ 2 ))\\ 


X0,b. 


Thereafter, from Lemma 14.31 and Holder inequality, we obtain 


I-2a 


( 2 : 15 ^ 2 ) II 


< 




\Z\\\ 2 2d \\Zo\\ 2 


j 1—£ j d~2oc — oc€ T 1 —e T d—2oL-\-cte 


and 


|KV)'^(|x|- 2 “ * (Z1Z2))|| 1 = |||x|-^“ * ((V)'^(Z1Z2))|| 1 


Lt 


ii(v)"(ziz2)r^_^ii(v)-(^iZ2)r , 

Y 1 —£ r d —2 q: + q:£ 


Y 1—£ Y d—2ct — cte 


<(ii(vr^i„ ^ 

xdKvr^i 


_2d_ Ik2r^ 24 + IkllP 2 24 II (V)"^ ^2 IP 


" "^211" 2 24 + ll^lP 


2 2d II II 2 2d 

L I —£ Y d—2oL-\-OLS Y 1~£ T d —2Q: + Q:e 

I X-/X ^x 


2 2^ll(vr^2p 2 ^ .24 : 

Y 1— £ Y d~2oc-\-ae r 1— £ r d—2oc-\-ae 

L/^ L/j, L/^ L/j, 


Now we use Bernstein inequality and N 3 > N 2 to get 

iKvr(ix|-2“*(ziZ2))ii 






H2 


HI 


1—£ Y d—2a-\-ae 


2^2 


-£ r d—2Q.-\-ae 


Therefore, from Lemma 12.41 we conclude that 


y~l diill) ^ 72 ^||u||x'^.*>II'^^4||xo.i-6-s 

N3>N2 


outside a set of probability 


< C exp ( — c- 




-)• 


Ti-dl</>bo+' 

Case (6.ii) : <C ^"2 ~ -Ni 

We assume A ^4 > N^, because other case can be handle similarly. 
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From Holder inequality and Lemma l3.31 we get 

dSD < ||(V)'"((|xr 2 “ * ( 2 ^ 22 )U 3 )|| ^ Jl^’ 4 || 1 

lJ^LI L,^Ll 

^ IKV)'"((|xr 2 “ * (^^^ 2 )^^ 3 )|| ^ ||u 4 ||xo,i- 6 -e, 

Ll^Ll 

for some small positive e such that £< ^{a — ^). Then Lemma 14.21 and Lemma 13.21 give 

\\{yy{{\x\-^^ * {\ 7 ]tv\‘^) 7 ]tv)\\ ^ 

Lr^Li 

<\\\x\-'^^ *{ziZ2)\\ ^ IKV)'"u 3 ||l^l 2 + ll(V)'"(|a:r 2 «* (2i2;2))|| ^ \\v^\\Lf>Ll 

T x—e r oo LX j 1—e Y oo ^ 

< |||x|-2“ * (^1Z2)|| ^ ||U3||X.. + |KV)'^(|x|-2“ * (Z1Z2))|| ^ 1^311x0.- 

Thereafter we use Lemma 14.31 and Holder inequality to get 

\\\x\~‘^°‘ * {ziZ2)\\ 1 < Iklll 2 2d_ ||Z2|| 2 2d_ 

T 1—£ Too T 1—£ r d—2oL — OLe T 1 —£ r d—2a-\-a£ 

IJf 

and 


|KV)'^(|x|-^“ * (Z1Z2))|| 1 = |||x|-^“ * ((V)'^(Z1Z2))|| 1 




||(V)'^(Z1Z2)P 1 d II(V)^(^1^2)IP 1 d 

r 1—£ j d—2oL — OLe T 1—£ T d--2oL+cte 


<(ii(vr^i 

x(ii(vr^ii 


L l—e r d — 2cx. — cx.e 
t ^X 


H2 


r 1—£ r d—2ot — ote 
1 

I 2 


+ IIh 


L l—£ r d — 2cx.—ae 
t ^X 

I 

I 2 


ii(vr^2 


r 1 — £ r d — 20L — 0L€ 

^X 


2 2d _ii^2r 2 2d _ + IIHiI 2 2d 

— £ T d—2oL-\-OL£ J 1 —£ r d~2ct-{-a£ J 1 —£ r d~2oc-\-a£ 


ii(vrz2p 2 ^ .2d ' 

T 1—£ T d—2a.-\-cte 
^x 


Then by using Bernstein inequality and Ni ~ N 2 , we have 

ii(v)‘^(ix|-2“ * iziZ2m ^ _ <ivr'* n 




1 

' II 2 
II 2 




£ r d~2oL—ote 


J|(V)*z, 


1 
2 

'3\\ _A 


L l —£ T d—20L-\-OL£ 

t 


Therefore, from Lemma 12.41 we conclude that 


^ (BH) ^ lb4||xo.i-6-s 


outside a set of probability 


< C exp ( — 




'T^-e\ 


\H^ 


-)• 


Case (6.hi) : N^,Ni <C N 2 
We consider 4 cases separately 

a. A^4 ~ iV 2 > > iV 3 , iVi 

b. iV4 ~ iV2 > iVs > > iVi 

C. iV4 ~ iV2 > iVl > Nf^ > iVg 

d. iV4 ~ iV2 > iV3,iVi > Nf^. 
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Subcase (b.iii.a) : A ^4 ~ A ^2 S> ^ ^ 
Similarly to Case (2.ii.a), we need to estimate 


Ck,iNl‘^-‘^ [ [ {Vrizfziv3)v^ 


k,leZd' 


dxdt. 


So we consider 


J^ 2 a-d f f \{^y z^z^2V3V4\dxdt, [ [ {z'l {V)^ ziv3Vi\dxdt 

J Js.xR’^ J JKxR'* 

andA^|"“'^ f f \ziZ2{'^)^'‘^3'’^i\dxdt. 

J JRxRd 

Second term will be only considered, because remaining two terms can be handled similarly. By 
using Holder inequality, Lemma 13.61 and Lemma 13.71 we have 


N. 


20 .—d 


\z\{VYziv3V^\dxdt < NY-%{VYz12V3\\lI HMlI 


~ ^'3 ^''2 




'A' 4 ' 


||(V)°'2:yjfO,6||U3||jfO,6 Ikl ||xO,6||P4||^o4-e 

Thereafter, from Ylkl\^k,l\ < C (with |KV)°' 2 ; 2 ||xo .6 = IKV)°'2:2||xO’‘>) Iki = Iki llxO’*’); 

Bernstein inequality and Lemma l3.11 we obtain 


V Ck,iNY-^ [ [ \zY^Y4v3v4d^dt 








1=1 




Then we carry out summation in A^i and N 3 so that 

oc — 1 a — 1 


NY NY 

E E 

A^3=1 7Vi=1 

.2q-1 


z\ (V)^ZY 3 V 4 ,1 dxdt 


\H^ 


\\Pn3(I^‘^\\h‘\\v\\x'^x\\v4\\^o,Y^- 


Since s > fT ^"_3 > (x 3 Y -2 ’ summation in N 2 can be also carried out. 


Hence, from Lemma 12.21 we have 

E 

Q —1 


([121)^7"^ R l|ii4||^o, 1- 


outside a set of probability 


<^exp(-c^^^). 
06 — 1 


Subcase ( 6 .iii.b) : AI4 ~ AI2 -^3 ^ ^ 
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Similarly to Case (2.ii.a), we need to deal with 


k,l&d- 


{Vy {ZiZ 2 V^)va 


dxdt. 


So we have to estimate 


f f \{\7yzfziv3Vi\dxdt, [ [ {zfiVyziv3V4\dxdt 

J JRxK'i J JKxR'* 

and Ny~'^ f ( \z\z 2 y^Y'^^'^‘i\d^^'^- 

J JRxR'i 

Second term will be only considered, because remaining two terms can be handled similarly. 
Holder inequality and Lemma 13.71 yield 


Nl 


2a—d 


\zfZ 2 {'^)^ 


LiLzWy^y^lw -29 ^iki^4iiL2 


Lr 


t,X 


‘'"-+2e ,,-i^+2e 


L?LS IK^)'^^2ll -H, -2r\\^l\\xo,b\\v4:\\ oi_g 

t X q — 2 r r — 2 -A ^ 


Thereafter we use ^ \Ck,i\ < C (with H^i Uxo.*- = II^iIIato.*') II^2II 2g 2r = 


II(V)‘^ 2 : 2 II 2 q 2 r ), Bernstein inequality and Lemmato obtain 

r 9 =^ T "FWZ 

V [ [ \zyi{Vyv3V4\dxdt 

,yy,r, J ^RxRd 


L?- 


k,iezd- 


2 Q: _ ™ \ -Q; ^ 

- -2a—d+cr—sjy~ s+2£ |-2e 


^^2 


'iv. 


a<^.'>II^iIIx'>''>IK^)*^ 2|| ^ ^ll'^4||^o,^- 


Lr li-2 


where q = max(3, 

After that, we carry out summation in A^i and N 3 and apply Lemma l3.II as follows 


N 2 A^2 

E E E 

Afi=l kA&d 

N 3 =N^ 


2a—d 


^ 1^2 1 dxdt 


— 1 / 2 —a I d — 2a /i o^\\i cx. _ oo: —2 „ 1 <-> ocx — 2 , 

VT (^+2G^VTy (l-3a))+ 2 ^ 0 -2^«+2 2^e 


< Ar2c,-lV q ^2(a-l) 

^ -‘''2 


l'^llx°'>*'ll^llAr®’^ II (^)*^2|| ^ 9 ^ 2r^ ll'?^ 4 ll „n 1- 


Lr 


CK —1 / 2 —a I d — 2a /-t o^W 1 cx. _ So: —2 „ . o So: — 2 ^ 

T(^ +2G^VTy (l-3“))+ 2 ^°^-2^^vT®+2 2 ^^ I 


<;;^ ^0— — q ' 2{a — l) 


u||x<^.fc||</>‘^||H'“||(V)®^;2|| ^ 2r_ I|f4ll „n i- 


Lr 


Since the exponent of N 2 is negative, summation in N 2 can be also carried out. 
Therefore, from Lemma 12.21 and Lemma 12.41 we conclude that 


(021) ^ R ||r'||xa,6||f4|| Q l_2e 


Af4~Af2>Af3>iV2 >^1 
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outside a set of probability 


Cexp(-c ) + Cexp(-c ^ 




T^Mh 


Case(6.iii.c) : N 4 ^ N 2 ^ Ni N 2 °‘ ^ 

Similarly to Case (2.ii.a), we estimate the following ; 


^ [ [ (V)'^(zt4u3)u4 


k,iei.d' 


dxdt. 


So we need to handle 


^2a-d f f \{\7yz’lz'2V3V4\dxdt, / / {z'lziv3V4\dxdt 

J Js.xR<i J JRxRd- 

and f f \ziZ 2 {'Vyv 3 V 4 \dxdt. 

Second term will be only considered, bewcause remaining two terms can be handled similarly. 
Holder inequality and Lemma 13.71 give 


N; 


2a—d 


ZiiWZ^2V3V4\dxdt < N'f ""Wzihi \\{W4\\Li hsMLh 




Then, from Ylk,i\Ck,i\ < C (with = ll^illLf^^ IK^)‘^4llLt, = II(V)'"^2 ||l 4^) and Bern 

stein inequality, we obtain 

V Ck,iNl<^-'^ [ [ \z'^{Vrziv3V4\dxdt 

, ,.-.,4 J 7RxR‘* 


k,l&Zd' 
< iVf 


-a+2e .-^+2e 


n \\i'^y^j\\LlJ\v3\\x-A\v4^o,^-e- 


i=i 


Since N 4 N 2 ^ Ni ^ N 2 °‘ ^ N 3 , — cr + 2e > 0 and —s < 0, we can carry out 

summation in Ni and N 3 such that 


N 2 ^^2 

E E E 

Af2=l k, 


2a—d 


\zi(VY z\v 3 V 4 \dxdt 


Ni=NZ 


(d-2n)(l-3n) , c. _ 3a-2 , , 3a-2 _ 

I ^ 9^ — 1 9rv_1 I 


2 ( 2 .- l ) 2.-1 2.-1 2.-1 

After carrying out summation in N 2 , from Lemma 12.41 we conclude that 






a — 1 

Af4~A^2>Afl>iV2^^ >^3 
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outside a set of probability 


r, , R'‘ 




Subcase(6.iii.d) : iV 4 ~ iVa > N^,Ni > 

Holder inequality and Lemma [331 yield (|4.7p is bounded by 


|KVr((|xl-^“*(ziZ2)u3)|| 


< 


|KVr((|xl-^“*(^lZ2)u3)|| 


Lj=^Ll L^Ll ' .“ 


X0,i-b-e, 


for some small e such that 0<e<—(cr — §). Then we use Lemma [4.21 and Lemma [3.2l to obtain 


||(Vr((|x|-2“*(z4^2)^;3)|| 


Ltd'Ll 


< 


* (^1^2)11 1 IKV)%3||L?oa + IKV)"(|x|-^“ * (Zl^2))|| 1 




LtL^ 


LT^l 




ll'^lll 2 2d 11-^‘^11 2 2d 

■ r 1—£ r oo T l~e T d—2a — ae j 1 —e r d—2a-\-ae 


<|||x| 2“ *(^^ 2 : 2)11 ||t'3|lx-.f + IKV)'^(|x| * {ZIZ2))\\ ^ ire3|lx0.'> 

Thereafter, from Lemma 14.31 and Holder inequality, we obtain 
|||x|“^" * (zi2;2)|| 1 < 

lF 

<N^^N^^\\{Vrzi\\ 2 ^ 2 . ||(V)-Z2|| 2 _ 

T 1—e T d—2oL—ae j 1—e r c 

Li^ L/j. L/^ L/^ 

and 

||(V)'^(|x|-2“ * (^iZ2))|| ^ = |||x|-2“ * ((V)‘^(^i^2))|| ^ 

\\{vn\x\-^^ * {z^z2))r ^ _^ii(vr(N-2“*(ziz2))ii"^ 

(iKvr^ip 2 
Lr 

xiWiWzi ' 


< 

r\_; 


< 

rsj 


F2 


— £ r d—2a+Q:£ 


L 


2 2d \\^2\ 

—£ T d—2oL-\-cte 


Then we use Bernstein inequality and N 2 > Ni to get 

2 

iKv)“{|ir2».(2i22))ii ^ sAfr'Aff" n iK^>‘ 

r 1—£ T 00 


1 2 

1 2 2d 

+ 

Ikl 

II 2 

II 2 2d 

IKv)"^2 

7- 1 —£ r d—2a —a£ 
-^x 



r 1 —£ r d—2a —a£ 
-^x 


1 

2 

2 2d 

+ 1 

1^11 

1 

1 2 

1 2 2d 

II(V)"Z2| 

T 1 —£ r d —2a + Q:£ 



T 1 —£ r d —2a + a£ 

-^x 



d—2a—o 


'J\\ 2 


r 1 — £ r d —2 q: —q:£ 




2 2d , 

— £ r d —2 q: + Q:£ 


1 
2 

7 11 2 2d ' 

L I — £ r d—2a + Q;£ 

t 


Thus, from A ^2 ^ -^ 3 ; we have 


||(vr((|x|-^“*(zi^2)^3)|| 


it 


<iV2""*iVf*iV3-'^|KV)*Zl|| ^ , ,2. |KV)-Z2|| 2 ^ 2 . ||U3||^.,. 

- TTTT _ - 1—£ J d— 2 a.-\- 0 !.e 

iJx 


r 1 —£ r d—2 q; —Q;£ 


+Nr^N^^N^^ill\\{vrz_ 

j=^ 


1 
2 

'^11 2 


L i—£ r d—2ot—ote 
t 


.iKvr^i 


2d jlT3l|y<^.fc- 


—£ T d—2a.-\-a.e 


A 
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Now we carry out summation in A^i and 


N2 N2 

E E iKv)"((iir""*Li22V3)ii,^ 

a—1 a—1 

N3=N^°‘-^ Ni=N^°‘-^ 




<^2 


iKvr^i 


2a-l^ 2a- 


(II(V)‘ 


» ||(V)- 32 || . 


2d 


IKV)*^P^_ ,_^\\{vYz2r 2 

r 1 —e T d—2a—ae 


-e T d—2a — ae r 1—e r d—2a-\-ae 

Therefore, from Lemma 12.41 we conclude that 

^ (BID E 1^411x0^-6-0 

a—1 

Af4~iV2>Af3 ,Ni >^2^^ 
outside a set of probability 

i?2 


ll(vE^2p . 

r 1 —e T d—2a-\-ae 


IX' 


',b) 


<Cexp(-c ^^_ 


In'* 
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